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The Schur Group and Central Extensions 
HANS OPOLKA 
We provide a cyclic crossed-product representation for the elements of the Schur 
group of a number field which is closely related to the theory of central extensions 
of number fields. ‘1 1988 Aoademtc Press, Inc 
For a field k of characteristic 0 denote by S(k) the Schur subgroup of the 
Brauer group B(k) of k. By definition S(k) consists of all elements in B(k) 
which can be represented by a simple component of a group algebra of 
some finite group over k. As is well known (see, e.g. [Y, Chap. 3, esp. pp. 
32-33]), every algebra class (A) in S(k) is represented by a crossed- 
product (L/k, ,f), where L= k(e), with E a root of unity, and with ,f a 
2-cocycle having only roots of unity for its values. If k is a number field and 
(A) has exponent m, then the theory of the Brauer group over number 
fields tells us that the class (A) is also represented by a crossed-product 
(F/k, h), where F/k is cyclic of degree m and h is a non-zero element of k. 
Since k must contain the mth roots of unity in this case (see, e.g., [Y, 
p. 881) the extension F/k is a cyclic Kummer extension of exponent m. In 
general, the element h will not be a root of unity. The main result of this 
note shows that there is a cyclic extension K/k of a special type and a root 
of unity 5 such tat (K/k, i”) represents (A ). It is also shown how the degree 
of K/k, which of course may be larger than the exponent of (A), can be 
bounded. 
To be more precise, let k be an algebraic closure of the algebraic number 
field k and let G, = Gal(l;/k) denote the absolute Galois group of k. For a 
natural number n let p(n denote the group of roots of unity of order n in li, 
and for any extension L/k, L c k, let pL be the group of roots of unity con- 
tained in L. Put m =mk = #(p& ji =pr, and let p be the subgroup of E 
which is generated by all roots of unity of order dividing 4 or a prime. For 
a field L such that k c L c k denote by L”‘/L the maximal Kummer exten- 
sion of exponent m. The first result is as follows. 
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( 1) Every element in S(k) can he represented by a c)lclic crossed-product 
(K/k, <), where 5 is some root qf unity in k and K/k is some cyclic suhexten- 
sion of the maximal central extension qf k(p)“‘/k. 
Recall that a Galois extension L/k which contains a Galois extension 
K/k is called a central extension of K/k if Gal(L/K) is contained in the 
center of Gal(L/k). 
Proof: Let G=Gal(k(p)/k). By a result of Solomon [Y, p. 1501, every 
algebra class (A) in S(k) can be represented by a class of a 2-cocycle (c) in 
H’(G, k(p)*). It is well known that S(k) has exponent m [Y, p. 881. Hence 
there is a function x: G -+ k(p)* such that c(a, t)“‘= ~(a)~ a(r)/x(at) for all 
g, r E G. Let 1): G + k* be a function such that fi”’ = cx r, and define L := 
k(p, p(g), D E G), f := c. (Sg). Then f is a cocycle on U := Gal(L/k) with 
values in pn such that its cocycle class in H2( U, L*) represents (A ). Now 
recall a result of Tate [S, Section 61, which says that the cohomology 
group H’(G,, ji), where fi is regarded as a trivial G,-module, vanishes. 
This implies that for every Galois extension E/k, E c k, there is a central 
extension F/k of E/k, Fc&, such that the inflation map inf: 
H’(Gal(E/k), j) + H’(Gal(F/k), j) is trivial. Let L’/k be such a central 
extension for L/k with Galois group 0 = Gal( L’/k). Consider the following 
commutative diagram with exact rows corresponding to the exact sequence 
I + p/, -+ g ‘11, p + I, where the cohomology groups are taken with 
respect to the trivial group action. 
+Hom(8,jiA H’(8,pLI,)+H2(&ji-11--t H’(&i)+ . . . 
IIll 
I 
Illf 
I 
Illf 
I 
IIll 
I 
... +Hom(U,j)) H’((/,P~)-’ H2(U,ji)a H2(U, cl)- ... 
The cocycle ,f: U x U + pk defines an element (f) in H’( U, /A~). Its image 
(,f’) = inf((f‘)) in H”( 8, pk) is easily seen to be contained in the image of 6: 
Hom( 8, p) + H2( 0, ,u~). This implies that there is a finite cyclic subexten- 
sion K/k of L’/k and a 2-cocycle r on Gal(K/k) with values in pI, such that 
(,f’) is inflated by (t). Moreover, A is similar to the cyclic crossed-product 
(K/k, t) which is defined by t. This proves (1). 
For a finite set of rational primes V let S(k), be the subgroup of S(k) 
consisting of all algebra classes which can be represented by a simple com- 
ponent of a group algebra over k of some finite group whose order has no 
prime divisor outside V. Obviously S(k) is the union of all S(k),, V any 
finite set of rational primes. Denote by pV the subgroup of it* which is 
generated by all roots of unity of order dividing the primes in V and 4 if 
2 E V. The above-mentioned result of Solomon implies that the elements in 
482 HANSOPOLKA 
So can be represented by cocycle classes in H2(Gal(k(pV)/k), k(pV)*). 
Following the same line of argument as in the above proof of (1) we obtain 
the following result. 
(2) Let V he a ,finite set of rutional primes. Then every element (A) in 
S(k) ,, can be represented by a cyclic crossed-product (KJk, 0, where 5 is 
some root of unity in k and K/k is some cyclic subextension of the maximal 
central extension of E := k(pLV, fi, . . . . . &), c, some element in k(p,) 
depending on (A), 1 < i < r, and r < (k(p,,): k). 
Remark. Using the proof of [IO, Satz 3, p. 4193, one can bound the 
degree of the cyclic extension in (2) in terms of the given algebra class (A) 
as follows: Determine the set S of all places v of k which are ramified in 
E/k. Let t be the smallest natural number such that the local degrees 
(k,(p,): k,), v E S, are divisible by m. Then K/k can be chosen in such a way 
that (K:k)dt.(E:k). 
ACKNOWLEDGMENT 
I thank the referee for useful suggestions. 
REFERENCES 
[0] H. OPOLKA, Geschlechter van zentralen Erweiterungen, Arch. Math. (Bud) 37 (1981), 
418424. 
[S] J. P. SERRE, “Modular forms of Weight One and Galois Representations, in “Algebraic 
Number Fields” (A. Friihlich, Ed.), pp. 193-268, Academic Press, London, 1977. 
[Y] T. YAMADA, “The Schur Subgroup of the Brauer Group,” Lecture Notes in 
Mathematics, Vol. 397, Springer-Verlag, Berlin, 1974. 
